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Abstract 
 

The theory for measuring efficiency of producers has developed alternative approaches 
to include the effect of non-discretionary variables in the analysis. A review of different 
options in the specific literature of Data Envelopment Analysis (DEA) allows us to 
identify three main approaches: one-stage, two-stage and multi-stage models. 
Recently, some of these models have been improved through the development of 
bootstrap methods making it possible to make inference and to avoid bias in the 
estimation of efficiency scores. The aim of this paper is to test the performance of 
these recent models and to compare among them using simulated data from a Monte 
Carlo experimental design. 
 

 
Keywords: Efficiency, DEA, Simulation, Monte Carlo. 
 
 



 1

1. INTRODUCTION 
 

In the field of efficiency measurement most of the research focuses on studying 

the performance of producers taking into account their ability to manage the resources 

they can control in order to produce the maximum output feasible. However, in 

practice, the results of production processes also depend on the effect of another type 

of variables which are beyond the managers’ control. Therefore, the only way the 

producers can correctly be evaluated is by considering the influence of those external 

variables on the results.  

 

As a result, there has been a growing interest in the literature to study how the 

effect of exogenous variables can be included in efficiency measures, especially in 

those obtained with Data Envelopment Analysis (DEA). We can find papers that have 

addressed this issue in such different sectors as education (Ray, 1991; McCarty and 

Yaisawarng, 1993), health (Grosskopf and Valdamis, 1987), banking (Fried, Lovell and 

Vanden Eeckaut, 1993; Lozano-Vivas, Pastor and Pastor, 2002), nursing homes 

(Fried, Schmidt and Yaisawarng, 1999; Fizel and Nunnikhoven, 2006) or sports (Fried, 

Lambrinos and Tyner, 2004). 

 

The problem has been approached using different frameworks among which 

researchers still do not agree to identify a preferred option (Muñiz, 2002). Hence, 

selecting an option among existing alternatives is a crucial decision in efficiency 

evaluations in which the external variables play a significant role. Moreover, this is not 

a simple task since the basis of each methodology is quite different and also the results 

obtained differ greatly (Rouse, Putterill and Ryan, 1996; Cordero, Pedraja and Salinas, 

2008). 

 

The aim of this paper is to shed some light on this issue by testing the 

performance of the main and most recent approaches developed in the literature about 

DEA using simulated data. To solve the controversy among competing techniques we 

employ a Monte Carlo experiment. 

 

There have been similar attempts to deal with this issue previously, although 

limited to certain features. Thus, Yu (1998) focuses on comparing parametric and non-

parametric approaches using a Monte Carlo experiment rather than analysing 

alternative non-parametric models. In contrast, Ruggiero (1998) and Muñiz et al. (2006) 

compare different approaches developed in the context of DEA using simulated data. 
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However, both are limited because they use a single replication instead of the large 

number as is usual in Monte Carlo experiments. In addition, all these papers assumed 

a data generation process based on a not very flexible production function, which 

makes it unlikely to adapt it to most of production processes that takes place in real 

world. 

 

In this paper we make an effort to simultaneously overcome some of those 

limitations by expanding the analysis in various directions. Firstly, we perform a Monte 

Carlo experiment to ensure the results are adequately representative and not the result 

of a particular case. Secondly, we use the transcendental logarithm function proposed 

by Christensen, Jorgenson and Lau (1971) to generate data so that we have a more 

flexible production technology. Finally, we test the performance of some of the most 

recent models developed in the literature, some of which have never been included in 

this type of experiments before, such as for example the alternatives proposed by 

Fried, Schmidt and Yaisawarng (1999) or Simar and Wilson (2007), as well as an 

original combination of those alternatives we have developed. 

 

The article is organized as follows. Section II introduces DEA and presents 

alternative approaches to include non-discretionary inputs in the estimation of 

efficiency scores with this technique. Section III describes the structure of the Monte 

Carlo experimental design. In Section IV the main results from the simulation analysis 

are reported and analyzed according to different criteria. The last section presents the 

conclusions. 
 
2. DATA ENVELOPMENT ANALYSIS AND NON-DISCRETIONARY INPUTS 
 
2.1.  DEA without non-discretionary inputs 

 

DEA methodology was introduced by Charnes, Cooper and Rhodes (1978). 

This non-parametric technique yields estimates of the comparative technical efficiency 

of a set of Decision Making Units (DMUs). The efficiency of each DMU depends on its 

ability to improve their results or reduce the consumption of resources while being 

subject to certain restrictions that reflect the activity of other units. The main advantage 

of this approach is that it does not impose a specific functional form on the production 

function, it handles multiple outputs and inputs and yields meaningful targets for 

improvement among inefficient DMUs.  
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The standard formulation of the program can take several forms according to 

different criteria, so it can be oriented to minimize input values or maximize output 

values and can also be presented as a fractional linear or dual programme1. In this 

paper, we adopt an input-oriented program with variable returns to scale (Banker, 

Charnes and Cooper, 1984): 
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where ijx  is the vector of inputs and rjy  the vector of outputs for DMU j; 0φ  is the 

efficiency score, ε  is an infinitesimal non-Archimedean constant, iλ  are the weightings 

and −
is  and +

rs  are the inputs slacks and outputs slacks respectively. If the score 

equals one the producer is relatively efficient compared to other units. If the score is 

lower than one, the unit evaluated is inefficient as the sample contains other units 

which perform better. 

 

This formulation of the programme is particularly attractive since, in addition to 

allocating an efficiency score to each unit, it allows possible additional reductions in 

inputs or potential increases in outputs to be detected in specific cases, using the 

slacks estimated for each variable. This interesting information is complementary to 

that offered by the radial efficiency score and may be extremely useful when it comes 

to identifying the source of possible producer inefficiencies. 
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2.2. DEA with non-discretionary inputs 

 

The basic DEA model described above assumes that all the inputs are 

controlled by DMUs, since the solution of the programme can lead to a reduction in the 

number of inputs. However, in most of production processes the use of the so-called 

non-discretionary inputs cannot be reduced since they are exogenously fixed. In order 

to overcome this problem the DEA literature has developed numerous alternative 

approaches to include the effect of those external variables in efficiency scores. In this 

section, we review the structure of the main methodologies and suggest some 

extensions that can improve the quality of some of them. With the aim of simplifying the 

explanation, alternatives have been grouped into three categories: one-stage, two-

stage and adjusted values models. 

 

a) One-stage models 

 

Following this approach non-controllable inputs are included directly in DEA to 

estimate efficiency scores with an additional restriction in the formulation of the 

standard program. The most representative model within this option is the one 

proposed by Banker and Morey (1986), which has been widely used by researchers 

due to its simple implementation2. Assuming variable returns to scale, the formulation 

for this program is: 
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This program does not pursue to reduce all the inputs equiproportionally, but 

only the subvector formed by non-discretionary inputs, which means that each DMU is 

only compared with those DMUs with an equal or lower value for the corresponding 

non-discretionary input. Hence, efficiency scores estimated using this option are worse 

or equal to those that would be obtained if non-controllable inputs were considered as 

discretionary inputs. 

 

The principal advantage of this approach is its lack of complexity as it simplifies 

the estimation of efficiency scores by including all the relevant variables in a single 

DEA. However, this option presents some methodological problems. Firstly, it is limited 

to an input-oriented approach since this is the only way the program can distinguish 

between discretionary and non-discretionary inputs. Secondly, the efficient units are 

the same as those which would be obtained by using a DEA in which all inputs were 

controllable by the units. Thirdly, it requires knowing previously whether the influence of 

these variables on the production results is positive or negative. Finally, the technique 

loses discrimination power as the number of variables included in the analysis 

increases regardless of whether variables have an influence on the results or not. 

 

b) Two-stage models 

 
This approach estimates efficiency scores with original DEA program using only 

the discretionary inputs. This produces a first stage measure for production that 

captures not only technical inefficiency but also the influence of variables that have not 

been included in the analysis. Subsequently, a regression analysis is used in the 

second stage to decompose both of them. Therefore, exogenous variables (Zj) are 

explanatory variables and the dependent variable is the first-stage efficiency score 

( jθ̂ ): 

jjj uzf += ),(ˆ βθ        (3) 

 

This regression can be estimated by ordinary least squares, although the use of 

a Tobit regression is more widespread since the dependent variable (the efficiency 

score) is bounded between 0 and 1 (McCarty and Yaisawarng, 1993). From the value 

of estimated coefficients it is possible to identify the influential variables and their sign 

(positive or negative) and also to weigh the importance of each external variable in the 

efficiency estimate. Furthermore, the initial efficiency scores can be directly corrected 

in order to include the influence of the external variables (Ray, 1991). 
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Its main advantages are the possibility of sensitivity analysis, which allows 

testing different sets of external variables, and its simplicity since it only requires 

solving the original DEA model once as it corrects directly the initial efficiency scores. 

Nevertheless, this type of adjustment introduces a first limitation as it only takes into 

account the radial component of inefficiency and ignores possible inefficiencies derived 

from the existence of slacks3. But its main drawback comes from the fact that the 

results are bound to be biased due to the fact that efficiency scores estimated in first 

stage, the dependent variable in (3), depend on all observed inputs and outputs. 

Hence, conventional inference methods in this context are invalid as the error term ju  

is correlated (Xue and Harker, 1999).  
 
However, this problem can be overcome by using bootstrap methods. In this 

sense, there have been different proposals to address the problem4, but the option that 

provides the most satisfactory solution is the methodology suggested by Simar and 

Wilson (2007). They describe a complete data generating process consistent with 

regression of non-parametric estimates in a second stage and develop two different 

algorithms based on the use of bootstrap methods to obtain consistent and unbiased 

estimates for the parameters of the regression (both algorithms are described in the 

Appendix). 

 

Using the model proposed by Simar and Wilson (2007) the problems of biased 

can be avoided, but weaknesses also arise. First, it also ignores the non-radial 

component of inefficiency. Second, it assumes that inefficiency and the influence of 

external variables is neutral among the variables included in the initial evaluation which 

can be incorrect as Fried, Lovell and Vanden Eeckaut (1993) demonstrated. Thirdly 

and most importantly, its main purpose is to obtain a confidence interval for the 

parameters )( iβ  in order to establish the real influence of external variables on 

efficiency rather than to obtain efficiency scores that include the effect of these 

variables. Thus, when this model is used with the latter aim, it should be assumed that 

scores obtained may not represent real production targets since all the units are 

classified as inefficient because of the structure of the model itself5. 

 
c) Adjusted values models 

 

In addition to two-stage models, there are other multi-stage approaches based 

on the use of total slacks (radial and non-radial components) of each variable obtained 
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in the first stage. These slacks arise from two distinguishable effects: the technical 

inefficiency of the units and the influence of the non-discretionary inputs, which have 

not been included in the first analysis. The objective of these models is to distinguish 

between them and quantify both components. Once the decomposition has been 

made, it is possible to make adjustments on the original values of variables in order to 

discount the effect of exogenous factors. Finally, by running a DEA with corrected 

values of the variables, it is possible to obtain new scores that establish exclusively the 

efficiency level at which each producer operates. 

 

Models following this approach differ among themselves by the technique used 

in the second stage to decompose different factors that comprise the slacks. Thus, 

Fried and Lovell (1996) and Muñiz (2002) choose a DEA so that they have a totally 

non-parametric model whereas Fried, Schmidt and Yaisawarng (1999) and Fried et al. 

(2002) opt for a semi-parametric model based on the use of regressions. 

 
On the one hand, non-parametric models run a separate DEA with an input 

orientation for the slack of each variable (inputs and outputs). Non-discretionary inputs 

are included as outputs and the slacks as inputs. In this way, the aim is to determine to 

what extent the slacks can be reduced while taking the value of the non-discretionary 

inputs to be fixed. As a result of this process the attainable target is obtained for each 

unit, taking into account the values of non-discretionary inputs, and the original values 

of variables can be corrected prior to running a final DEA with those adjusted values in 

a third stage. 

 

The main advantages of this model derived from the use of DEA in all the 

stages, due to the fact that it does not require assuming any functional form and it also 

avoids potential problems of bias which can arise in the estimation of regressions using 

econometric techniques. However, it involves some weaknesses as well, such as 

possible bias related to the deterministic nature of the method, the impossibility to 

distinguish the different importance of the set of non-controllable inputs or the loss of 

discrimination power that arises when a high number of non-controllable inputs is 

included in DEA6. Moreover, there is an additional limitation from a methodological 

point of view, which is the fact that the units classified as efficient in first stage cannot 

become inefficient after including non-discretionary variables in the analysis7.  
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On the other hand, semi-parametric models estimate a separate regression for 

each total slack (TS) of the inputs or the outputs (depending of the orientation of DEA 

in first stage) using non-discretionary inputs as explanatory variables: 

 

( ) uZfST k
j

k
j

k
j += β,ˆ   j = 1, 2,…, N       (4) 

      k = 1, 2,…, K  

 

The coefficients ( jβ̂ ) from (4) and (5) should be estimated using Tobit since 

slacks are also censored at zero. They provide a helpful information since it is possible 

to establish the direction and relative weight of each non-controllable input on the 

slacks separately. Thus, different effects among slacks can be detected and even it 

could happen that some external factors have influence on some slacks but not others.  

 

In addition, these coefficients can be used to predict new slacks for each 

variable taking into account the influence of non-controllable inputs on each DMU. 

Thus, it is possible to correct original values of variables using these predicted values 

by subtracting to the original value of each output the difference between the highest 

predicted value and the predicted value for each DMU or by adding it in the case of 

inputs. Finally, as well as the former model, a new DEA is run with the adjusted 

variables.  

 

The process described was suggested by Fried, Schmidt and Yaisawarng 

(1999) and it is known as the four-stage model8. From the theoretical point of view this 

is an attractive option, since it allows to measure the influence of each external variable 

considered and to take it into account to estimate efficiency scores, which, furthermore, 

can be interpreted as production targets for the units. However, the second stage of 

this model shares the problem of bias with its two-stage counterpart since total slacks 

are also estimated by taking the information of the whole sample so it is not fulfilled the 

assumption of independence in the errors. 

 
To the best of our knowledge this problem has not been dealt with in the 

literature, even though the solution seems to be straightforward when using bootstrap. 

In this sense, following the algorithm 1 proposed by Simar and Wilson (2007) we could 

estimate unbiased regressions to predict total slacks9, although for a correct application 

of the procedure to compute bootstrap in our context it is necessary to introduce some 

slight variations:    
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- Replacing the inefficiency score jθ̂ , estimated in the first stage (dependent 

variable in Simar and Wilson (2007)), by the estimated value of total slacks 

jST ˆ  for each variable. This includes the radial and non-radial inefficiency 

component. 

- Modifying the truncation point of the normal distribution from )ˆ1( jjz β− in 

Simar and Wilson (2007) to jjz β̂− . 

 

Using bootstrap in the second stage estimation will allow us to obtain a 

confidence interval for the regression parameters. These values can be used to identify 

which exogenous variables are influencing over each total slack variables and the 

positive or negative strength of this influence. With this new framework we enhance the 

Fried, Schmidt and Yaisawarng (1999) model through the use of bootstrap providing 

more precise and robust regressions whose coefficients can be employed to predict 

new slacks for the third stage achieving more accurate technical efficiency scores for 

DMUs.   

 

3. EXPERIMENTAL DESIGN 
 
In this section we compare the performance of alternative approaches studied 

in previous section using a Monte Carlo experimental design in which the underlying 

production technology is known, so that we can compare alternative estimated 

efficiency scores with the true level of efficiency. 

 

This statistical instrument has been widely used in the context of efficiency 

measurement especially in last years. Bowlin et al. (1985), Banker et al. (1987), Gong 

and Sickels (1992), Banker, Gadh and Gorr (1993) and Thanassoulis (1993) pioneered 

the use of this instrument to test the efficiency measures obtained with parametric and 

non-parametric approaches. In more recent years several Monte-Carlo experiment 

papers have focused on DEA issues: Pedraja, Salinas and Smith (1997) analyze the 

benefits of weights restrictions, Zhang and Bartels (1998) investigate the effect of 

sample size on mean efficiency scores, Pedraja, Salinas and Smith (1999) study the 

quality of the data envelopment analysis model, Holland and Lee (2002) measure the 

influence of random noise and Steinmann and Simar (2003) assess the comparability 

of estimated inter-group mean efficiencies. 
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In all these papers the process is similar. First, a production function is defined, 

inputs are generated from a random distribution and then output is derived from the 

former function. Then, true inefficiency is introduced according to a distribution 

assumption and the observed output and inputs, subject to inefficiency behaviours, are 

used by different methodologies to estimate efficiency scores. Finally, estimated values 

are compared with the true efficiency to test the quality of alternative methods. 

 

Obviously, the accuracy of this process improves as long as the function 

defined can reproduce the analyzed process. So, assuming that production technology 

is usually unknown in most of complex production processes, using a flexible functional 

form, usual criteria in the distribution of variables as well as considering different types 

of inputs (controllable and non-controllable) seem to be desirable options. 

 

To our knowledge, Yu (1998) is the only previous paper in which a Monte Carlo 

experiment has been used to examine how alternative approaches deal with the 

exogenous variables. Nevertheless, only two alternative approaches are compared: a 

one-stage procedure in which those variables are incorporate directly in estimating the 

frontier function and a two-stage procedure in which a regression analysis is used to 

account for those variables. Moreover, the main purpose of this experiment were not to 

compare the former approaches, but the stochastic frontier method and DEA, i.e. it 

focused on identifying differences between parametric and non-parametric approaches 

instead of comparing alternatives within one of these approaches. 

 

In addition to this paper, we can also find two articles with similar purpose and 

structure. Ruggiero (1998) and Muñiz et al. (2006) use a simulation analysis to 

compare alternative approaches to deal with non-discretionary inputs as well. Actually, 

they do compare different alternatives based on the use of DEA like one-stage, basic 

two-stage and three-stage models studied in previous section, as well as original 

methodological options proposed by Ruggiero (1998) and Yang and Paradi (2006). 

However, their results should be interpreted cautiously since they only use a single 

replication instead of the large number that is usually conducted in Monte Carlo 

experiments. 

 

Although conclusions drawn from those papers are extremely helpful for our 

aim, they present some limitations. First, none of them fulfils the requirement of using a 

flexible functional form, since Yu (1998) uses the CRESH (Constant Ratio of Elasticity 

of Substitution Homothetic) function introduced by Hanoch (1971), whereas Ruggiero 
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(1998) and Muñiz et al. (2006) use the Cobb-Douglas function. Second, the two-stage 

model tested in those papers has a problem of bias as we comment in the previous 

section. Third, the four-stage approach has not been analyzed in any of those studies. 

In this paper, we attempt to overcome these limitations, since we define a more flexible 

function and include in comparison the enhanced two-stage model proposed by Simar 

and Wilson (2007) as well as an extension of the four-stage model to avoid bias in the 

estimation of regressions. 

 

As indicated, the first step in Monte Carlo experiments is to specify the true 

underlying production technology. With this aim, it must be assumed that all the DMUs 

are homogeneous and have the same production function, but the levels of efficiency 

and the influence of external variables are different. Thus the observed production of 

each unit can be defined by the following function: 

 
   uxfY += )(          (6) 

   vWzgu ++= )(         (7) 
 

where Y represents the output, x is a vector of inputs, )(xf  is the production 

technology, u  represents the observed inefficiency from the production frontier without 

considering non-controllable inputs; z is a vector of exogenous variables; )(zg  

indicates the effect of those variables on the observed inefficiency; W represents the 

efficiency level due to managerial performance and v  is a random term which captures 

statistical random noise. 

 

In our experiment, the production technology is assumed to be a translog 

functional form, since this specification fulfils a set of desirable characteristics such as 

its flexibility or to be easy to derive. In the most simple case (two inputs), this function is 

defined by the following expression: 

( ) [ ] [ ] uxxxxxxy −+++++= 2112
2

222
2

11122110 lnlnln
2
1ln

2
1lnlnln ββββββ    (8) 

We have fixed the values of the parameters in the following way: ;10 =β  

3.021 == ββ ; 1.0122211 === βββ , so that we have a function with variable returns 

to scale. Both inputs are generated from a random uniform distribution with the same 

interval: ( )1,50U~1X  and ( )1,50U~2X . 
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The observed inefficiency (u ) is a composited term within which there are three 

components: the effect of external variables, inefficiency level without the influence of 

external variables and random noise. We defined this term as in Battesse and Coelli 

(1995): 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
++−

=
vzgW

u
)()exp(

1ln    where: 

• )(zg  is defined as the sum of the effect of two variables ( 21)( ZZzg += ). 

Those variables are both generated uniformly and independently from a distribution 

between –0.25 and +0.25, so that their effect on observed inefficiency can be both 

positive (benefits production) or negative (harms production). 

 

• W represents inefficiency in the case that all the units were affected on the 

same way by external variables or, which is the same, in the case these variables does 

not exist or have no influence on efficiency. The inefficiency component is drawn 

randomly and independently from a half-normal distribution which takes absolute 

values from 3.0;0~ NW . It is also assumed that 20 % of DMUs belong to production 

frontier, i.e. 0=W , so these DMUs are classified as efficient10.  

 

• The noise component v  is drawn randomly and independently from a 

normal distribution 02.0;0N . In practice this random noise is observed as included on 

inefficiency by means of a slightly increase or decrease in production. 

 
From those three components, the value of observed inefficiency u  (defined 

between 0 and 1) is estimated. If the sum exceeds one, u  takes the value one, since 

distribution is censored. For example, a DMU belonging to the frontier [exp(-W)=1], can 

become inefficient because of the effect of external variables or the random noise, 

while a inefficient DMU [exp(-W)<1] can be observed as efficient after including the Zs 

or/and the random term. 

 

After defining the values of the inputs, beta parameters and the efficiency term 

u , the observed output logarithm ( )yln  can be obtained by replacing those values in 

(8). Finally, we can derive y using exponential function. Once the output (Y), the inputs 

(X1 and X2) and the external variables (Z1 y Z2) are generated, alternative approaches 
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are applied to this simulated sample data set to estimate efficiency scores (W) for 

individual DMUs and those scores are then compared with the real efficiency. 

 

We have considered two alternative sample sizes for the experiment (50 and 

400 observations). In this way, we can test how the relation between the number of 

observations and the number of variables included in DEA can affect the results for 

each methodology. Each experiment is repeated 100 times in order to ensure the 

results are representative. 

 

Finally, as a recap of the contents of section 2, we present the four models we 

are going to compare in this experiment: the model proposed by Banker and Morey 

(1986) as representative of the one-stage approach; the enhanced model proposed by 

Simar and Wilson (2007) to overcome the problem of bias in a two-stage approach; the 

totally non-parametric three-stage approach proposed by Muñiz (2002) and the 

enhanced semi-parametric four-stage approach (Fried, Schmidt and Yaisawarng, 

1999) in which bootstrap methods are used to estimate regressions. We have opted for 

using an input-oriented DEA program with variable returns to scale. 

 

4. RESULTS 
 
In this section, we comment the main results obtained in the simulation analysis 

performed. Since we have real efficiency as the essential reference, we have 

compared separately the efficiency scores estimated with alternative approaches with 

real efficiency scores in every replication, although we only display the mean values for 

different indicators selected. Those indicators can be deduced from the objectives 

usually pursued in efficiency evaluations of a group of decision making units (DMUs). 

 

Table 1 reports the average and standard deviation of real efficiency and 

estimated scores for each of the four alternative approaches. According to these 

values, it seems that scores obtained with models that use regressions to correct initial 

scores (two-stage and four-stage) are closer to real efficiency when a small sample is 

considered while the three-stage model is nearer when a larger sample is used. 

Otherwise, one-stage approach overestimates efficiency, particularly when sample size 

is small (50 units), due to the fact that this model, in which a single DEA is used to 

obtain efficiency scores, has problems to distinguish between efficient and inefficient 

there is a high number of variables but not many observed units, so it is common that 

the number of efficient units increases when additional variables (non-discretionary 
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inputs in this case) are included in analysis. Something similar occurs when totally non-

parametric three-stage models is used to measure efficiency in small samples, 

although, in this case, the number of efficient units is not so high because non-

discretionary inputs are not included in first stage but in a following one. 

 

Table 1: Mean efficiency and standard deviation 

 50 DMUs 400 DMUs 

 Mean S. D. Mean S. D. 

Real Efficiency 82,77 15,09 84,15 14,19 

One-Stage 94,05 12,06 87,57 17,46 

Two-Stage 78,20 10,99 75,11 15,27 

Three-Stage 86,13 18,67 83,64 21,72 

Four-Stage 82,61 15,03 80,35 15,24 

 

Table 2 reports the rank correlation coefficient between the true and measured 

efficiency, in which a higher value suggests better performance in measuring efficiency. 

According to this coefficient, the approach with a better performance is again the four-

stage model, followed by one-stage, third-stage and two-stage model. In addition, we 

can notice that as expected the rank correlation coefficient increases when the number 

of observations is higher. 

 

Table 2: Spearman´s Rank Correlation Coefficient 

 50 DMUs 400 DMUs 

One-Stage 0,506** 0,617** 

Two-Stage 0,317* 0,291* 

Three-Stage 0,527** 0,577** 

Four-Stage 0,631** 0,725** 
** Coefficient is significant at 1 per cent. 
 * Coefficient is significant at 5 per cent. 

 

Finally, two indicators have been calculated from the specific values of 

individual efficiency scores: the mean absolute deviation (MAD) between true and 

measured efficiency (reported in Table 3) and the percent of DMUs for which measured 
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efficiency was less than 10% deviation from real efficiency (reported in Table 4). In first 

of them a lower MAD indicates that the measure is closer to the real efficiency, while in 

the latter a higher value means the same. 

 

Table 3: Mean absolute deviation 

 50 DMUs 400 DMUs 

One-Stage 12,86 10,11 

Two-Stage 15,82 17,78 

Three-Stage 12,11 14,35 

Four-Stage 9,11 8,28 

 

Table 4: Percent of units with a less than 10% deviation from real efficiency 

 50 DMUs 400 DMUs 

One-Stage 51,48 61,77 

Two-Stage 32,09 34,31 

Three-Stage 46,53 44,37 

Four-Stage 66,88 67,62 

 

Once again, the four-stage approach obtains the best results (lowest values in 

first indicator and higher values in the second one) as it seems to be the best option 

among the approaches discussed in the context of our experimental design. In 

contrast, two-stage approach has the worst performance in both cases and 

independently of sample size which in addition to its inability to identify efficient units 

lead us to conclude that this is not a satisfactory option to include non-discretionary 

inputs in efficiency measurement. Finally, the values obtained with one-stage and 

three-stage for both indicators are similar in the case of 50 DMUs, but not in the case 

of 400 DMUs in which the results of the three-stage approach become worse. 

 
5. CONCLUSIONS 

 
This paper has analyzed the differences among alternative approaches usually 

employed in economic literature to include the effect of non-discretionary inputs in 
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efficiency measures using DEA. Specifically, four models with a quite different 

methodological basis have been tested. Thus, the one-stage model (Banker and 

Morey, 1986) uses a single modified DEA program; the enhanced two-stage model 

(Simar and Wilson, 2007) uses the estimated parameters from a regression analysis to 

correct directly efficiency scores; the three-stage model (Muñiz, 2002) uses a totally 

non-parametric process to discount the effect of these variables on the scores obtained 

and the four-stage model (Fried, Schmidt and Yaisawarng, 1999), enhanced by using 

bootstrap methods to make inference, uses a semi-parametric process with the same 

aim. 

 

In order to test the performance of those models a Monte Carlo study has been 

conducted. In contrast to other previous studies we use a translog function to generate 

data in which non-discretionary inputs have been included as a component of observed 

inefficiency (Battese and Coelli, 1995). Two different sample sizes have also been 

considered: 50 and 400 DMUs. True efficiency measures have been compared with 

efficiency scored obtained with alternative approaches according to different criteria. 

 

The results show that estimates obtained with the enhanced four-stage model 

are the closest to real efficiency according to the values of indicators calculated for 

both sample sizes. Among the other alternatives, the results obtained with the three-

stage approach seem to be better with a small sample size whereas the one-stage 

model is superior when a larger sample size is considered. Finally, two-stage model 

obtains the worst results due to its own structure which is focused on identifying 

external variables that really have influence on the results of production process rather 

than worrying about how to construct a boundary frontier taking them into account. 

 

These results lead us to conclude that rarely used four-stage model can be 

employed as a good tool to deal with exogenous variables in economics contexts in 

which those variables have a significant influence on results. 

  

 
Notes 
1. For an overview, Cooper, Seiford and Zhu (2004) or Fried, Lovell and Schmidt (2008). 

2. Most of computer software programs developed for estimating DEA includes this option 

among their utilities (Barr, 2004). 
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3. Fried, Schmidt and Yaisawarng (1999) point out that this fact can slant the estimation of the 

parameters and lead the research to deceptive conclusions about the influence of each external 

variable on efficiency. 

4. Xue and Harker (1999) and Hirschberg and Lloyd (2002) also suggest methods to avoid the 

problem of correlation among DEA scores, but they both use a naive bootstrap which is 

inconsistent in the context of non-parametric efficiency estimation (Simar and Wilson, 1999a 

and 1999b). 

5. The results obtained by Afonso and St. Aubyn (2006) and Prado and García-Sánchez 

(2007) using this methodology in different contexts (education and municipal services, 

respectively) confirm this assumption. 

6. This assumption is based on the results obtained in the simulation analysis performed in 

Muñiz et al. (2006), in which efficiency scores estimated with this model are further from true 

efficiency as the number of variables included in evaluation increases. 

7. This limitation was decisive for its promoters to give up exploring the possibilities of this 

model as described in Fried et al. (2002) 

8. Using a stochastic frontier is another option (Fried et al., 2002), although it may 

overestimate efficiency scores since it introduces an excessively favorable criterion to correct 

the initial scores by assuming that random noise has a positive effect on each DMU. 

9. We use algorithm 1 because it is not straightforward to apply step 3.3. in algorithm 2 with an 

input oriented DEA as we are working with total instead of radial slacks. This is because the 

total slack is censored at zero instead of one, which imposes limitations to recalculate the new 

input values to perform a new DEA. 

10.  We have maintained the same percent of units in both sample sizes in order to 

homogenize the comparison despite this percent usually decreases in so far as the number of 

observations increases (Pedraja, Salinas and Smith, 1999). 

11.  In order to facilitate the interpretation of this ratio we present data used to obtain the values 

of first column in Table 2: 

 Correct (C) Failure (F) Total (T=A+F) Ratio (C/T)*100 
One-Stage 9,40 26,12 35,52 26,46 
Two-Stage 0,00 0,00 0,00 0,00 

Three-Stage 6,75 15,38 22,13 30,51 
Four-Stage 5,87 7,02 12,89 45,54 
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Appendix 

Simar and Wilson (2007) describe a data generation process which is consistent with 

regression of non-parametric, DEA efficiency estimates on some covariates in a 

second stage. For this aim, they assume that the true efficiency scores depend on the 

external variables, so that it can be written as:   

 

1),( ≥+= jjj uz βψθ        (1) 

 

where ψ is a smooth, continuous function and β a vector of parameters, uj is a 

truncated normal random variable, distributed ),0( 2
εσN , with left-truncation at 

),(1 βψ jz− .  

 

The scores obtained in the first stage ( jθ̂ ) are considered as an estimate for jθ . They 

propose two bootstrap procedures for the two-stage efficiency estimation problem.  

 

Algorithm 1 involves the following steps: 

1. The computation of jθ̂  for all n decision units using original data. 

2. Use the method of maximum likelihood to obtain an estimate β̂  of β  as well as an 

estimate εσ̂  of εσ  from jjj uzf += ),(ˆ βθ , considering it is a truncated 

regression. 

3. The computation of L (e.g. L=2000) bootstrap estimates for β  and εσ  in the 

following way: 

3.1. For each j = 1,…, n, draw uj  from the ),0( 2
εσN  distribution with left-truncation 

at β̂1 jz− . 

3.2. Compute jjj uz += βθ ˆ*  again for each j = 1,…., n. 

3.3. Use the maximum likelihood method to estimate the truncated regression of *
jθ  

on jz , yielding a bootstrap estimates )ˆ,ˆ( **
εσβ  

4. Use the bootstrap values and the original estimates β̂  and εσ̂  to construct 

estimated confidence intervals for each element of β  and εσ . 
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Algorithm 2: 

1. The computation of jθ̂  for all n decision units using original data. 

2. Use the method of maximum likelihood to obtain an estimate β̂  of β  as well as an 

estimate εσ̂  of εσ  from jjj uzf += ),(ˆ βθ , considering it is a truncated 

regression. 

3. The computation of 1L  bootstrap estimates for β  and εσ  in the following way: 

3.1. For each j = 1,…, n, draw uj  from the ),0( 2
εσN  distribution with left-truncation 

at β̂1 jz− . 

3.2. Compute jjj uz += βθ ˆ*  again for each j = 1,…., n. 

3.3. Set jj xx =*  and modify output measure: *
*

ˆ

j

j
jj yy
θ
θ

=  for all j = 1,….,n. 

3.4. Compute *ˆ
jθ  using non-parametric techniques using *

jx  and *
jy . 

 

4. Compute the bias-corrected output inefficiency estimator as *ˆˆ2ˆ̂
jjj θθθ −=  where  

*ˆ
jθ  is the bootstrap average of *ˆ

jθ . 

5. Use the maximum likelihood method to estimate the truncated regression of jθ̂̂  on 

jz , yielding a bootstrap estimates )ˆ̂,ˆ̂( σβ . 

6. Replace jθ̂  with jθ̂̂  in algorithm 1 and continue from step 2 onwards by computing 

2L  times three steps (6.1 – 6.3). 

7. Use the bootstrap values and the original estimates β̂̂  and εσ̂̂  to construct 

estimated confidence intervals for each element of β  and εσ . 
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